ABSTRACT. Here we give a variety of general multivariate Iyengar type inequalities for not necessarily radial functions defined on the shell and ball. Our approach is based on the polar coordinates in R N , N ≥ 2, and the related multivariate polar integration formula. Via this method we transfer well-known univariate Iyengar type inequalities and univariate author's related results into general multivariate Iyengar inequalities.
BACKGROUND
In the year 1938, Iyengar [5] proved the following interesting inequality: Theorem 1.1. Let f be a differentiable function on [a, b] and |f (x)| ≤ M 1 . Then
In 2001, X.-L. Cheng [4] proved that 
where
In 1996, Agarwal and Dragomir [1] In [7] , Qi proved the following: where
In 2005, Zheng Liu, [6] , proved the following: 
, the right hand side of (1.3) is minimized, and we get:
which is a sharp inequality, (iv) more generally, for j = 0, 1, 2, ..., N ∈ N, it holds
for j = 0, 1, 2, ..., N ∈ N, (vi) when N = 2 and j = 1, (1.5) turns to
(vii) when n = 1 (without any boundary conditions), we get from (1.6) that
a similar to Iyengar inequality (1.1).
We mention here L 1 ([a, b] ) is the normed space of integrable functions over [a, b] ).
, the right hand side of (1.7) is minimized, and we get:
for j = 0, 1, 2, ..., N ∈ N, (vi) when N = 2 and j = 1, (1.9) turns to
(vii) when n = 1 (without any boundary conditions), we get from (1.10) that
(ii) at t = a+b 2 , the right hand side of (1.11) is minimized, and we get:
for j = 0, 1, 2, ..., N ∈ N, (vi) when N = 2 and j = 1, (1.13) turns to
when n = 1 (without any boundary conditions), we get from (1.14) that
We need Remark 1.1. We define the ball B (0, R) = x ∈ R N : |x| < R ⊆ R N , N ≥ 2, R > 0, and the sphere
where |·| is the Euclidean norm. Let dω be the element of surface measure on S N −1 and
we can write uniquely x = rω, where r = |x| > 0 and ω = x r ∈ S N −1 , |ω| = 1.
is the Lebesgue measure on the ball, that is the volume of B (0, R), which
. 
and we use this formula a lot. Typically here the function f : B (0, R) → R is not radial. A radial function f is such that there exists a function g with f (x) = g (r), where r = |x|, r ∈ [0, R], for all x ∈ B (0, R).
We need
Here x can be written uniquely as x = rω, where r = |x| > 0 and ω = 
In this article we derive general multivariate Iyengar type inequalities on the shell and ball of R N , N ≥ 2, for not necessarily radial functions. Our results are based on Theorems 1.1-1.8.
MAIN RESULTS
We present the following non-radial multivariate Iyengar type inequalities: We start with Theorem 2.9. Let the spherical shell A := B (0,
Consider f : A → R that is not necessarily radial, and that f ∈ C 1 A . Assume that
, and for all ω ∈ S N −1 , where
for all ω ∈ S N −1 . Equivalently, we have
That is (by (1.16))
proving the claim.
We continue with Theorem 2.10. Let the spherical shell A := B (0,
Consider f : A → R that is not necessarily radial, and that f ∈ C 2 A . Assume that
, and for all ω ∈ S N −1 , where M 2 > 0. Set
for all ω ∈ S N −1 .
Hence it holds
We give Theorem 2.11. Let the spherical shell A := B (0, 
Proof. Similar to the proof of Theorem 2.9 by using Theorem 1.3 and (1.16).
We give Theorem 2.12. Let the spherical shell A := B (0,
Proof. Similar to the proof of Theorem 2.10 by using Theorem 1.4 and (1.16).
We continue with Theorem 2.13. Here all as in Theorem 2.9, and let M 1 > m 1 . Assume that
and
Proof. Similar to the proof of Theorem 2.10 by using Theorem 1.5 and (1.16).
We present Theorem 2.14. Consider f : A → R be Lebesgue integrable, which is not necessarily radial. Assume that f (sω)
, the right hand side of (2.17) is minimized, and we get:
∂s k vanish on ∂B (0, R 1 ) and ∂B (0, R 2 )) for k = 1, ..., n − 1, from (2.18) we get:
for j = 0, 1, 2, ..., N ∈ N, (vi) when N = 2 and j = 1, (2.19) turns to
(vii) when n = 1 (without any boundary conditions), we get from (2.20) that
Proof. Similar to the proof of Theorem 2.9. We apply Theorem 1.6 along with (1.16).
We continue with Theorem 2.15. Consider f : A → R be Lebesgue integrable, which is not necessarily radial.
, the right hand side of (2.21) is minimized, and we get:
∂s k vanish on ∂B (0, R 1 ) and ∂B (0, R 2 )) for k = 1, ..., n − 1, from (2.22) we get:
(vii) when n = 1 (without any boundary conditions), we get from (2.24) that
Proof. Similar to the proof of Theorem 2.9. We apply Theorem 1.7 along with (1.16).
We continue with Theorem 2.16. Let p, q > 1 :
, the right hand side of (2.25) is minimized, and we get:
∂s k vanish on ∂B (0, R 1 ) and ∂B (0, R 2 )) for k = 1, ..., n − 1, from (2.26) we get:
for j = 0, 1, 2, ..., N ∈ N, (vi) when N = 2 and j = 1, (2.27) turns to
when n = 1 (without any boundary conditions), we get from (2.28) that
Proof. Similar to the proof of Theorem 2.9. We apply Theorem 1.8 along with (1.16).
We continue with results on the ball. We present Theorem 2.17. Consider f : B (0, R) → R be Lebesgue integrable, which is not necessarily radial. Assume that f (sω)
for all t ∈ [0, R] , (ii) at t = R 2 , the right hand side of (2.29) is minimized, and we get:
, we obtain
which is a sharp inequality, (iv) more generally, for j = 0, 1, 2, ..., N ∈ N, it holds (2.30)
when N = 2 and j = 1, (2.30) turns to
Proof. Same as the proof of Theorem 2.14, just set there R 1 = 0 and R 2 = R and use (1.15).
We continue with .
